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PLANES, BRANES AND AUTOMORPHISMS
II. BRANES IN MOTION
BS ACHARYA, JM FIGUEROA-O'FARRILL, B SPENCE, AND S STANCIU
Abstrat. We omplete the lassiation of supersymmetri on-
gurations of two M5-branes, started by Ohta and Townsend. The
novel ongurations not onsidered before are those in whih the
two branes are moving relative to one another. These ongu-
rations are obtained by starting with two oinident branes and
Lorentz-transforming one of them while preserving some supersym-
metry. We ompletely lassify the supersymmetri ongurations
involving two M5-branes, and interpret them group-theoretially.
We also present some partial results on supersymmetri ong-
urations involving an arbitrary number of M5-branes. We show
that these ongurations orrespond to Cayley planes in eight-
dimensions whih are null-rotated relative to eah other in the
remaining (2 + 1) dimensions. The generi onguration preserves
1
32
of the supersymmetry, but other frations (up to
1
4
) are possible
by restriting the planes to ertain subsets of the Cayley grassman-
nian. We disuss some examples with frations
1
32
,
1
16
,
3
32
,
1
8
, and
1
4
involving an arbitrary number of branes, as well as their assoiated
geometries.
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1. Introdution
This is Part II in a series of papers dediated to the group-theoretial
study of interseting brane ongurations. In the rst paper in this
series, hereafter referred to as Part I [1℄, we outlined a omplete har-
aterisation of ongurations of multiply interseting stati branes in
terms of subgroups of Spin10 preserving some spinors. In the present
paper we will onsider ongurations in whih the branes are not ne-
essarily stati relative to eah other. We refer the reader to Part I and
to the referenes therein for a summary of the literature on this topi
as well as for the basi notation.
This paper is organised as follows. In Setion 2 we will state the
problem to be addressed, namely the determination of all supersymmet-
ri ongurations of m interseting M5-branes in eleven-dimensional
Minkowski spaetime, as well as of the fration ν of the supersym-
metry whih is preserved. In Setion 3 we solve this problem for the
speial ase of m = 2 branes, and as preparation for the following se-
tions, we interpret the solutions group-theoretially. This relies heavily
on the results of Part I and on those in [9℄. We nd new supersymmet-
ri ongurations orresponding to supersymmetri branes at angles
whih have then been null-rotated relative to eah other. These new
ongurations trae their origin to the fat that there exists a lass of
singular orbits in the spinorial representation of Spin10,1 whose isotropy
does not leave invariant any time-like diretions. In Setion 4 we study
this spinorial representation in some detail, and ollet some basi fats
onerning this exoti isotropy group. In Setion 5 we takle the mul-
tiple intersetion problem. We start by reformulating the problem of
multiple intersetions of moving branes in eight-dimensional terms. We
will show that all suh supersymmetri ongurations onsist of Cayley
planes in eight dimensions whih have been null-rotated in the remain-
ing three dimensions. These ongurations generially preserve
1
32
of
the supersymmetry; but by restriting the planes to sub-orbits of the
Cayley grassmannian, it is possible to nd ongurations whih pre-
serve a larger frationthe largest suh fration being
1
4
. In Setion 6
we disuss some examples of suh ongurations and explore their ge-
ometries. Setion 7 onludes this paper with a summary of the status
of the lassiation problem.
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2. The statement of the problem
In this setion we set up the problem. Let us onsider the M5-
brane solution for deniteness. Let (xµ) denote the eleven-dimensional
oordinates, where (x0, x1, . . . , x5) are oordinates along the brane and
(x6, . . . , x9, x♮) are oordinates transverse to the brane. Far away from
the brane, the metri is asymptotially at, so that the Killing spinors
of the supergravity solution have onstant asymptoti values ε, obeying
Γ012345 ε = ε , (1)
where ε is a real 32-omponent spinor of Spin10,1. We think of Spin10,1
as ontained in the Cliord algebra Cℓ1,10 generated by the ΓM . Then
the spinor representation ∆ of Spin10,1 an and will be identied one
and for all with one of the two inequivalent irreduible representations
of Cℓ1,10.
As in Part I we will rewrite (1) in a more onvenient notation.
Let us then x a point x in the spaetime M and an orthonormal
frame e0, e1, . . . , e9, e♮ for the tangent spae at x. This allows us to
identify the tangent spae TxM with eleven-dimensional Minkowski
spaetime M
10,1
. The tangent spae to the worldvolume of a ve-
brane passing through x will be a (5, 1)-dimensional oriented (and
time-oriented) subspae of TxM , or equivalently an oriented (and time-
oriented) (5, 1)-plane in M10,1. The spae of suh planes is the grass-
mannian SO010,1/SO
0
5,1×SO5, where SO0 stands for the onneted om-
ponent of the identity. If v0, v1, . . . , v5 is an orthonormal basis for suh
a plane, we an onstrut a (5, 1)-vetor π = v0∧v1∧· · ·∧v5 in
∧
5,1
M
10,1
whih has unit norm. Conversely, to any given unit simple (5, 1)-vetor
π = v0∧v1∧· · ·∧v5, we assoiate an oriented time-oriented (5, 1)-plane
given by the span of the vi. The ondition for supersymmetry (1) an
be rewritten more generally as
π · ε = ε , (2)
where · stands for Cliord multipliation and where we have used im-
pliitly the isomorphism of the Cliord algebra Cℓ1,10 with the exterior
algebra
∧
M
10,1
. When π = e0 ∧ e1 ∧ · · · ∧ e5, equation (2) agrees with
equation (1).
Beause π has unit norm, π · π = 1, and beause it has zero trae,
the subspae ∆(π) ⊂ ∆ dened by
∆(π) ≡ {ε ∈ ∆|π · ε = ε}
is sixteen-dimensional. In other words, the M5-brane preserves one half
of the supersymmetry. Now let η be another (5, 1)-plane. It also pre-
serves one half of the supersymmetry, but both planes taken together
will in general preserve a smaller fration ν dened to be the number of
solutions to both (2) and the analogous equation for η. In other words,
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32ν is the dimension of the subspae
∆(π ∪ η) ≡ ∆(π) ∩∆(η) ⊂ ∆ .
Clearly we are not restrited to only two branes. Indeed, onsider
m branes with tangent planes π1 ≡ π, π2, . . . , πm. We say that the
onguration ∪mi=1πi is supersymmetri if and only if
∆(∪mi=1πi) =
m⋂
i=1
∆(πi) 6= {0} ;
the fration ν of the supersymmetry whih is preserved being deter-
mined aording to
32ν = dim∆(∪mi=1πi) .
A priori ν an only take the values 1
32
, 1
16
, 3
32
, . . . , 1
2
; although only the
following frations are known to our:
1
32
,
1
16
,
3
32
,
1
8
,
5
32
,
3
16
,
1
4
and
1
2
.
The two fundamental questions are the following.
Question 1. How an one haraterise the supersymmetri ongura-
tions ∪mi=1πi?
Question 2. What fration ν of the supersymmetry is preserved by a
given supersymmetri onguration ∪mi=1πi?
For the speial ase of branes whih are not moving relative to eah
other, so that πi = e0 ∧ ξi, where ξi are 5-planes in e⊥0 ∼= E10, then
both questions have been answered fully for m = 2 in [9℄ (see also
[1℄). In [2℄ (see also [6℄) we answered the rst question for all m, using
tehniques of alibrated geometry. In Part I we gave a partial answer
to the seond question for arbitrary m, reasting the problem in terms
of group theory. In the present paper we will lift the ondition that the
branes be stati and onsider arbitrary ongurations of two or more
branes. We will answer both questions fully for m = 2, and will present
some partial results for general m.
3. Supersymmetri intersetions of two M5-branes
In this setion we analyse the onditions for supersymmetry of a
onguration of two interseting M5-branes. We onsider a starting
onguration in whih both branes are parallel, with tangent plane π.
This onguration is supersymmetri, preserving one half of the super-
symmetry. Now suppose that we perform a Lorentz transformation to
one of the branes. Then the two fundamental questions are subsumed
into one.
Question 3. For whih Lorentz transformations L ∈ SO010,1 will the
onguration with tangents π and Lπ be supersymmetri and what fra-
tion ν of the supersymmetry will be preserved?
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In order to answer this question it is rst onvenient to put L in a
standard form whih an be easily parametrised. In the simpler ase
when L is a rotation in SO10, a normal form is given by letting L lie
in a xed maximal torus. The onjugay theorem for maximal tori
guarantee that this is always possible after a hange of basis. Sine
SO010,1 is nonompat it will not have a maximal torus, but we an still
do something similar.
3.1. A onvenient normal form for Lorentz transformations.
Suppose we are given two branes related by a Lorentz transformation
L in SO010,1. We an undo this transformation in the following way: we
rst transform one of the branes so that it is no longer moving relative
to the other one, and then we simply realign them with a rotation.
Working bakwards now, we an reah the onguration Lπ from π
by rst rotating π 7→ Rπ and then boosting.1 However beause of the
Lorentz invariane of the worldvolume of the branes themselves, a boost
will only hange the onguration if it is in a diretion normal to both
branes. In other words, if we were to perform a boost, say, in a diretion
ontained in π∪Rπ, then this boost an be undone by a further rotation
in that subspae and by a boost along one of the branes. Hene the
relative onguration between the branes will not hange. This is not to
say that the ongurations are physially indistinguishable, sine when
two branes interset, Lorentz invariane on the brane is broken and
one an detet one brane moving relative to the other brane. However
the relative onguration of their worldvolumes does not hange and
neither will its supersymmetry. In pratie, what this means is that if
π = e0 ∧ ξ and Rπ = e0 ∧ Rξ, then for a boost to eet any hange in
the onguration, it has to be along a vetor in ξ⊥ ∩ Rξ⊥. Therefore
for a generi rotation R in SO10, so that ξ
⊥∩Rξ⊥ = {0}, no suh boost
would be possible. In other words, in order to eet any hange in the
relative onguration of the branes by a boost, it will be neessary for
the initial rotation to belong to SO9.
We are always free to hoose a basis for M
10,1
in suh a way that the
initial rotation R ∈ SO9 belongs to a given maximal torus of SO9. The
anonial embedding SO8 ⊂ SO9 is suh that the maximal tori agree.
Therefore we an take R ∈ SO8 without loss of generality. Moreover
we an always hoose our basis so that π = e0 ∧ e1 ∧ e3 ∧ · · · ∧ e9,
and suh that R, whih is parametrised by four angles, is given by the
blok-diagonal matrix
R(θ) =


R12(θ1)
R34(θ2)
R56(θ3)
R78(θ4)

 ∈ SO8 , (3)
1
Stritly speaking it need not be a pure boost: we simply mean that it is not a
rotation.
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eah Rjk(ϑ) being the rotation by an angle ϑ in the 2-plane spanned
by ej and ek. The angles (θi) are of ourse only dened up to Weyl
transformations.
Having rotated, we now make a Lorentz transformation normal to
the E
8
on whih this SO8 ats. In other words, we have in eet broken
the Lorentz group SO010,1 down to SO8×SO02,1, where SO02,1 ats on the
three-dimensional spae spanned by e0, e9, e♮. Beause e9 is tangent to
the brane, boosts along e9 do not alter the onguration, so that we
an restrit ourselves to those Lorentz transformations in SO02,1 whih
do not at trivially on the e♮ diretion. The most general suh element
of SO02,1 is parametrised by a vetor v = αe0 + βe9, α, β ∈ R,
S(v) = exp (αΣ0♮ + βΣ9♮) ,
where Σµν are the generators of so2,1.
We an distinguish three dierent types of transformations S(v) de-
pending on whether v is time-like, spae-like or null. If v is spae-like
we are basially doing a rotation in the plane v∧ e♮. Sine v belongs to
both π and Rπ, we an hange basis from {e0, e9, e♮} to {e0, v/|v|, e♮}
and the transformation L = R(θ)S(v) is simply a rotation in SO10,
whih was treated in detail in [9, 1℄. If v is time-like, then we an
hange basis from {e0, e9, e♮} to {v/|v|, e9, e♮}. S(v) now orresponds
to a pure boost in the e♮ diretion. We will see below that the trans-
formation L = R(θ)S(v) will only preserve some supersymmetry if the
boost parameter is zero, so that S(v) = 1. Therefore this ase one
again falls into the analysis in [9, 1℄. Finally, we onsider the ase of v
null. In this ase, S(v) leaves v invariant, and hene orresponds to a
null rotation (see, e.g., [10℄). As will see, this ase will give rise to new
supersymmetri ongurations.
To summarise, we an always hoose basis suh that the plane π =
e0 ∧ e1 ∧ e3 ∧ · · · ∧ e9 and suh that the Lorentz transformation L takes
the form
L =
(
R
S
)
∈ SO8 × SO02,1 ⊂ SO010,1 , (4)
where R is in the maximal torus dened in (3) and where S is either
a rotation in the e9 ∧ e♮ plane, a boost in the e♮ diretion, or a null
rotation. We now proeed to analyse the supersymmetry of a ongu-
ration of two branes with tangent planes π and Lπ, with π and L given
above.
3.2. Conditions for supersymmetry. We are interested in solving
equation (2) simultaneously for the tangent planes π and Lπ. Let
L̂ denote any one of the two possible lifts to Spin10,1 of the Lorentz
transformation L ∈ SO010,1. Then equation (2) for Lπ an be written
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as follows:
L̂ · π · L̂−1 · ε = ε . (5)
Up to a sign, L̂ is given by
L̂ = exp
(
1
2
θ1Γ12 +
1
2
θ2Γ34 +
1
2
θ3Γ56 +
1
2
θ4Γ78 +
1
2
αΓ0♮ +
1
2
βΓ9♮
)
,
from whih it follows that sine π = e0 ∧ e1 ∧ e3 ∧ · · · ∧ e9,
π · L̂−1 = L̂ · π . (6)
Plugging this into (5), and using (2), we nd that (5) follows from (2)
and
L̂2 · ε = ε , (7)
with the same equation resulting for the other possible lift −L̂.
In order to analyse this equation, it is onvenient to break up L̂ as
in (4), L̂ = R̂Ŝ. Then equation (7) beomes
ε = R̂2 · Ŝ2 · ε
= exp (θ1Γ12 + θ2Γ34 + θ3Γ56 + θ4Γ78) · exp (αΓ0♮ + βΓ9♮) · ε .
The rst exponential expands to
R̂2 = (cos θ1 + sin θ1Γ12) · · · · · (cos θ4 + sin θ4Γ78) ,
whih is an element in the maximal torus of Spin8. For the seond
exponential we have to distinguish three ases:
1. α2 < β2. In this ase, let γ = +
√
β2 − α2. The exponential
beomes
Ŝ2 = cos γ + sin γ
(
α
γ
Γ0♮ +
β
γ
Γ9♮
)
.
Notie that in this ase, the matrix in parenthesis obeys(
α
γ
Γ0♮ +
β
γ
Γ9♮
)2
= −1 ,
whene it is a omplex struture just like Γ12, Γ34, Γ56 and Γ78
with whih it ommutes. This means that L̂2 = R̂2Ŝ2 belongs to
the maximal torus of Spin10. This ase was studied in [9℄ and [1℄
and we will have nothing more to add here.
2. α2 > β2. In this ase, let γ = +
√
α2 − β2. The exponential
beomes
Ŝ2 = cosh γ + sinh γ
(
α
γ
Γ0♮ +
β
γ
Γ9♮
)
.
Dening δ = −√−1γ and notiing that sinh γ = √−1 sin δ, we
an rewrite Ŝ2 as an imaginary rotation
Ŝ2 = cos δ + sin δ
(
α
δ
Γ0♮ +
β
δ
Γ9♮
)
,
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where the matrix in parenthesis is also a omplex struture(
α
δ
Γ0♮ +
β
δ
Γ9♮
)2
= −1 .
This means that formally L̂2 = R̂2Ŝ2 belongs to the maximal torus
of Spin10, but where one of the angles is pure imaginary. This will
allow us to use the results of [9℄ to treat this ase. It was shown
in [9℄ (see also [2, 1℄) that this onguration is supersymmetri if
and only if the sum of the angles is zero modulo 2π. In [9℄ this
follows from an expliit alulation whih only uses the fat that
the four omplex strutures in R̂2 and the one in Ŝ2 all ommute.
Sine the angles an now be omplex, their sum vanishes (modulo
2π) provided that both the real and imaginary parts of their sum
vanish. Therefore δ, being the only imaginary angle, has to vanish,
and L̂2 = R̂2 whih is a rotation in the maximal torus of Spin8.
This therefore redues to the ases studied before, and will not
studied further in this paper.
3. α2 = β2. In this ase, the exponential trunates to a linear term:
Ŝ2 = 1+ αΓ0♮ + βΓ9♮ .
This ase will yield the onstrutions of new supersymmetri on-
gurations of interseting branes in motion, and we now turn to
its detailed analysis.
3.3. Supersymmetry and null rotations. Last, but not least, we
onsider Case 3. Now we have
L̂2 = R̂2 ·
(
1 + N̂
)
,
where N̂ denotes the nilpotent matrix
N̂ ≡ αΓ0♮ + βΓ9♮ ,
obeying N̂2 = 0. Equation (7) beomes(
R̂2 − 1 + N̂
)
· ε = 0 .
This equation means that ε lies in the kernel of a linear transforma-
tion with a JordanChevalley deomposition onsisting of a nilpotent
piee N̂ and a semisimple piee (R̂2 − 1), whih ommute with eah
other. It follows that ε must be annihilated by both piees simultane-
ously. Therefore for two branes related by a rotation R together with
a null rotation (1 + N) in a perpendiular plane, the onditions for
supersymmetry beome the following three equations:
π · ε = ε , R̂2 · ε = ε and N̂ · ε = 0 . (8)
The rst two equations are the onditions for two rotated branes to be
supersymmetri. They were originally studied in [9℄ who lassied all
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possible ongurations. In their nomenlature they orrespond to those
rotations with four angles or less. In [1℄ we showed that rotations R̂2 for
whih these equations have some solutions must belong to the maximal
torus of Spin7 (equivalently the maximal torus of its subgroup SU4) in
Spin8. Suh ongurations generially preserve a fration ν =
1
16
of the
supersymmetry, but one an preserve a larger fration by speialising
to a desending hain of subgroups. The total fration ν, one we have
imposed the third equation in (8), will be further halved, beause only
half of those spinors whih satisfy the rst two equations also satisfy
the third. Let us see this in more detail.
To understand the third equation, let us introdue the ontrating
homotopy K = αΓ0♮ − βΓ9♮, whih satises
K · N̂ + N̂ ·K = 4α21 . (9)
Applying both sides of the equation to ε we see that
N̂ · ε = 0 =⇒ ε = N̂ ·
(
K̂ · ε
)
,
where we have introdued K̂ ≡ 1
4α2
K. A similar result holds for spinors
whih are annihilated by K̂. As a onsequene of equation (9), the
spinor representation ∆ has a vetor spae deomposition:
∆ = ker N̂ ⊕ ker K̂ , (10)
and K̂ provides an isomorphism ker N̂ → ker K̂. In other words,
dimker N̂ = dim ker K̂ = 16. Beause R̂2 ommutes with N̂ and with
K̂, it respets and hene renes the deomposition.
We now desribe the ation of R̂2 on ∆. Beause R̂2 belongs to
(the maximal torus of) Spin8, we rst realise ∆ as a representation of
Spin8 ⊂ Cℓ8. As will be shown later, in terms of representation of Cℓ8,
∆ = ∆′ ⊗ R2, where ∆′ is the irreduible real representation of Cℓ8
and R
2
is two opies of the trivial representation. In terms of Spin8, ∆
′
breaks up further as ∆′+⊕∆′−, whih are the representations of denite
hirality; although we will not need this further deomposition in the
sequel.
Under the ation of R̂2, ∆′ breaks up as follows:
∆′ =
⊕
ϑ
nϑ∆
′
ϑ ,
where ϑ are angles and the multipliity nϑ is a positive integer. For
ϑ 6= 0, π, R̂2 restrits to ∆′ϑ as a 2× 2 matrix of the form(
cosϑ sin ϑ
− sin ϑ cosϑ
)
.
For ϑ = 0, π, ∆′0 and ∆
′
π are one-dimensional with R̂
2
restriting to ±1
respetively. A loser look at the weights of the half-spin representa-
tions of Spin8 shows that if a weight appears, then so does its negative;
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whene n0 and nπ are atually even. Applying this to ∆, we have the
following deomposition
∆ =
⊕
ϑ
2nϑ∆
′
ϑ .
Let ∆0 denote the 2n0-dimensional subspae of ∆ dened by those
ε ∈ ∆ obeying the seond equation in (8). As we have just seen, the
dimension of ∆0 is divisible by 4.
Beause N̂ and K̂ ommute with R̂2, they preserve ∆0. Let N̂0 and
K̂0 denote their restritions to ∆0. Equation (9) again implies that we
an deompose
∆0 = ker N̂0 ⊕ ker K̂0 ,
with K̂0 giving an isomorphism ker N̂0 → ker K̂0; whene they have the
same dimension:
1
2
the dimension of ∆0.
Similarly, from (6), π preserves ∆0 and also this deomposition. Let
π0 denote the restrition of π to ∆0. Sine π0 · π0 = 1, π0 deomposes
∆0 as
∆0 = ∆
+
0 ⊕∆−0 ,
and also the subspae ker N̂0 as
ker N̂0 = (ker N̂0)
+ ⊕ (ker N̂0)− ,
in the obvious way. Equation (8) says that ε belongs to (ker N̂0)
+
, and
we would like to ompute its dimension. We will show that it is
1
4
the
dimension of ∆0.
To see this onsider Γ12. It ommutes with R̂
2
, N̂ and K̂ and anti-
ommutes with π. Therefore it maps ∆+0 isomorphially to ∆
−
0 and in
partiular (ker N̂0)
+
isomorphially to (ker N̂0)
−
. It follows that these
latter subspaes have the same dimension:
1
2
the dimension of ker N̂0.
In summary,
dim(ker N̂0)
+ = 1
2
dimker N̂0 =
1
4
dim∆0 .
The seond equation in (8) says that ε belongs to ∆0, whereas the
third equation fores it to belong to ker N̂0. The rst equation in (8)
further onstraints ε to live in (ker N̂0)
+
. In other words, the number
of spinors satisfying all three equations in (8) is one half the number
satisfying the rst two. From the known results [9℄ about the solutions
to the rst two equations, we an immediately write down the possible
frations in terms of the odimension of the spatial intersetion of the
two branes (see [1℄):
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Codimension d Frations ν
4
1
32
→ 1
16
→ 3
32
→ 1
8
3
1
16
2
1
8
0
1
4
Table 1. Frations of supersymmetry appearing in on-
gurations of two null-rotatedM5-branes, in terms of the
odimension of the intersetion. Arrows indiate progres-
sive speialisation.
3.4. Group-theoretial analysis. We now interpret the above re-
sults in terms of group theory, as was done in Part I for the solutions
found in [9℄. We will be brief beause, as we have just seen, the new
solutions are obtained by null-rotating some of the supersymmetri
ongurations onsisting of two interseting M5-branes at angles, and
the group theory for those ongurations has been disussed in detail
in Part I.
Not every interseting brane onguration an be null rotated to
obtain a dierent supersymmetri onguration. In the notation of [9℄
we need to restrit ourselves to ongurations with at most four angles,
whereas in the notation of Part I, the odimension must be at most
four.
These ongurations were shown in Part I to orrespond to sub-
groups G ⊂ Spin8 whih preserve some spinor. More preisely, R̂2 ∈
T(G), the maximal torus of G. A list of possible subgroups is displayed
in Figure 1. The rst row onsists of subgroups of Spin8, the seond of
subgroups of Spin7, the third of Spin6 and the fourth of Spin4. The rst
row is nothing but the spin series: Spin7 ⊃ Spin6 ∼= SU4 ⊃ Spin5 ∼=
Sp2 ⊃ Spin4 ∼= Sp1 × Sp1 ⊃ Spin3 ∼= Sp1 ⊃ Spin2 ∼= U1.
The two M5-branes are related by T(G) in the above gure as well
as by a null rotation, whih forms a subgroup R ⊂ Spin10,1. Therefore
the branes are (T(G)× R)-related. As disussed for example in Part I,
the groups G relating the branes are subgroups of SU5 or Spin7, whih,
together with their intersetion SU4, are the subgroups of Spin10 whih
leave a spinor invariant. In the more general setup of this paper, we
expet the groups T(G)× R to be subgroups of the isotropy groups of
spinors in Spin10,1. In fat, as we shall see in the next setion this is in-
deed the ase. The group in question is a non-redutive 30-dimensional
Lie subgroup of Spin10,1 isomorphi to Spin7⋉R
9
, where Spin7 ⊂ Spin8
leaves the vetor representation irreduible, and where R
9
ats by null
rotations.
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Spin7
• SU4 Sp2 • Sp1 × Sp1 Sp1 • U1
G2
•
SU3
SU2
{1}
Figure 1. Subgroups of Spin8 assoiated with interset-
ing brane ongurations whih an be null-rotated while
preserving some supersymmetry. Arrows represent em-
beddings, and those adorned with a • are suh that the
maximal tori agree.
4. Null rotations and an exoti spinor isotropy group
As preparation for our disussion of the multiple intersetion prob-
lem in the next setion, we ollet some basi fats about eleven-
dimensional spinors and in partiular their `exoti' isotropy. It will be
onvenient for some of the alulations to work in a spei realisation
for the Cliord algebra Cℓ1,10, so we start by disussing this. We then
turn our attention to the isotropy subgroup (Spin7 ⋉ R
9) ⊂ Spin10,1.
The R
9
subgroup ats as null rotations and we ollet some results
about them.
4.1. An expliit real realisation of Cℓ1,10. Beause as a real assoia-
tive algebra, Cℓ1,10 ∼= Mat32(R)⊕Mat32(R), there are two inequivalent
irreduible representations: both real and of dimension 32. Choosing
a set of generators Γ0,Γ1, . . . ,Γ9,Γ♮ for Cℓ1,10, their produt Γ012···9♮
ommutes with all ΓM and squares to one. Hene by Shur's lemma it
is ±1 on an irreduible representation. We hoose ∆ to be the one on
whih Γ012···9♮ takes the value −1. This means that Γ0 = Γ1···9♮, where
Γ1, . . . ,Γ9,Γ♮ generate Cℓ0,10. The Cliord algebra Cℓ0,10 is isomorphi
to Cℓ8 ⊗ Cℓ0,2, where the isomorphism is given expliitly as follows in
terms of generators. Let Γ′i for i = 1, 2, . . . , 8 denote the generators for
Cℓ8 and let Γ
′′
1 and Γ
′′
2 denote the generators for Cℓ0,2.
The Γ′i an be onstruted expliitly in terms of otonions. The
onstrution of the two irreduible representations of Cℓ7 in terms of
otonions is well known: see, for example, [8℄. Let {oi}, i = 1, . . . , 7, be
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a set of imaginary otonion units. Then left Li and right multipliation
Ri by oi on O dene the two inequivalent irreduible representations of
the Cliord algebra Cℓ7. Either representation an be used in order to
build the unique irreduible representation of Cℓ8, we hoose Li. We
dene
Γ′i =
(
0 Li
Li 0
)
for i = 1, . . . , 7; and Γ′8 =
(
0 −1
1 0
)
.
This gives rise to a manifestly real 16-dimensional representation.
As assoiative algebras, Cℓ0,2 ∼= Mat2(R), so we an hoose a basis
Γ′′1 = σ1 =
(
0 1
1 0
)
Γ′′2 = σ3 =
(
1 0
0 −1
)
∴ Γ′′3 = Γ
′′
1Γ
′′
2 = −iσ2 =
(
0 −1
1 0
)
.
Then the generators of Cℓ0,10 are given by
Γi = Γ
′
i ⊗ Γ′′3 for i = 1, 2, . . . , 8
Γ9 = 1⊗ Γ′′1
Γ♮ = 1⊗ Γ′′2
∴ Γ0 = Γ
′
9 ⊗ Γ′′3 ,
where Γ′9 ≡ Γ′1Γ′2 · · ·Γ′8. This deomposition indues an isomorphism
∆ ∼= R16 ⊗ R2, so that we an write our spinors as two-omponent
objets, eah omponent being a sixteen-dimensional real spinor of Cℓ8.
Therefore in terms of Cℓ8 generators we have
Γ0 =
(
0 −Γ′9
Γ′9 0
)
Γi =
(
0 −Γ′i
Γ′i 0
)
for i = 1, 2, . . . , 8
Γ9 =
(
0 1
1 0
)
Γ♮ =
(
1 0
0 −1
)
. (11)
The standard basis for the Lie algebra so10,1 ⊂ Cℓ1,10 is given by
ΣMN = −12ΓMN , whih in the hosen realisation beomes
Σij =
(
Σ′ij 0
0 Σ′ij
)
Σi9 =
(
1
2
Γ′i 0
0 −1
2
Γ′i
)
Σi♮ =
(
0 −1
2
Γ′i
−1
2
Γ′i 0
)
Σ0i =
(
1
2
Γ′9Γ
′
i 0
0 1
2
Γ′9Γ
′
i
)
Σ09 =
(
1
2
Γ′9 0
0 −1
2
Γ′9
)
Σ0♮ =
(
0 −1
2
Γ′9
−1
2
Γ′9 0
)
Σ9♮ =
(
0 1
2
1
−1
2
1 0
)
,
where Σ′ij are the generators of so8 ⊂ Cℓ8. In partiular, notie that
as mentioned above, the representation ∆ breaks up under Spin8 as
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two opies eah of the half-spin representations. In a more traditional
language, under the embedding Spin10,1 ⊃ Spin8,
32 = 2 8
s
⊕ 2 8
c
. (12)
4.2. Spinor isotropies. As was done in Part I, in order to onstrut
supersymmetri ongurations involving more than two branesindeed
an arbitrary numberwe an onsider branes whih are related by sub-
groups G of the isotropy group of a spinor. This prompts the following
question:
Question 4. Whih are the possible subgroups of Spin10,1 whih leave
invariant a spinor?
This question is intimately linked to the orbit deomposition under
Spin10,1 of its spinor representation ∆. One way to study this problem
is to dene a Spin10,1 invariant funtion on ∆ whih distinguishes the
orbits. Bryant [3℄ denes a quarti polynomial invariant on ∆. This
quarti polynomial is nothing but the norm of the vetor assoiated to
the spinor. In other words, if ε ∈ ∆ we let v denote the vetor whose
omponents in the hosen basis are vM = ε¯ΓMε. Its Minkowskian
norm ηMNvMvN is a quarti polynomial on spinors whih is manifestly
Spin10,1-invariant. It is possible to show that this norm is negative
semi-denite, whene v is either time-like or null. The orbit of a spinor
in∆ for whih v is time-like is 31-dimensional and has isotropy SU5. On
the other hand, if v is null, the isotropy subgroup is a 30-dimensional
nonredutive Lie group whih does not at trivially on the time di-
retion. It is a subgroup of the isotropy subgroup of v, whih for a
null vetor is isomorphi to Spin9 ⋉ R
9
. Indeed, as we will see in the
next setion, the isotropy subgroup of suh a spinor is isomorphi to
(Spin7 ⋉ R
8) × R, where Spin7 ats on R8 aording to the half-spin
representation. In terms of its ation on M
10,1
, Spin7 ⊂ SO8 ats as
rotations in some E
8 ⊂ M10,1, and R9 ats via null rotations.
4.3. An exoti spinor isotropy group. In this setion we desribe a
ertain 30-dimensional non-redutive Lie subgroup G ⊂ Spin10,1 whih
leaves a spinor invariant. We will exhibit its Lie algebra (and hene the
Lie group itself) inside the Cliord algebra Cℓ1,10 onstruted above.
Consider a spinor ε of the form
ε =
(
ψ−
0
)
, (13)
where ψ− is a negative hirality spinor of Cℓ8; that is, Γ
′
9ψ− = −ψ−.
It is easy to ompute the isotropy subalgebra g ⊂ so10,1 of ε from the
expliit form of the generators of so10,1. After a little bit of algebra we
obtain that the most general element of g is given by
1
2
aijΣij + b
iΣ+i + cΣ+♮ , (14)
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where Γ+ = Γ0 + Γ9, b
i
and c are arbitrary and aij are suh that
1
2
aijΣ′ij ∈ so8 is in the isotropy subalgebra of ψ−. Beause Spin8 ats
transitively on the unit sphere in both its spinor (as well as the vetor)
representations, the isotropy subalgebras of every spinor are onjugate,
hene isomorphi. This implies that the isotropy subgroup of ψ− is a
Spin7 subgroup: one whih deomposes the negative spinor represen-
tation of Spin8 but keeps the vetor representation irreduible. This
means that
1
2
aijΣij belong to an so7 subalgebra of so10,1. Computing
the Lie braket of elements of the form (14), and using that Γ+ squares
to zero, we obtain
g ∼= (so7 ⋉ R8)× R ,
where R
8
is abelian and so7 ats on it as a spinor. Notie that R is in the
entre, and that R
8
is an abelian ideal, whene this Lie algebra is not
redutive. Exponentiating inside Cℓ1,10 we obtain a simply-onneted
30-dimensional non-redutive Lie subgroup G ⊂ Spin10,1 with the fol-
lowing struture
G ∼= R× (R8 ⋊ Spin7) .
4.4. Invariants. We now investigate the ation of G on M10,1. We
will see that it ats reduibly yet indeomposably. It is onvenient to
parametrise G, whih topologially is homeomorphi to R9 × Spin7, as
follows:
Cℓ1,10 ⊃ G ∋ g = exp (cµΣ+µ) σ ,
where σ ∈ Spin7 and µ = (i, ♮), where i runs from 1 to 8. Notie that
the exponential only onsists of two terms beause Γ2+ = 0:
exp (cµΣ+µ) = 1 + cµΣ+µ = 1 +
1
2
cµΓµΓ+ .
The omposition of group elements follows the standard semidiret
produt struture:
exp (cµΣ−µ) σ exp (dµΣ−µ) τ = exp ((cµ + σ · dµ)Σ−µ) στ ,
where σ, τ ∈ Spin7 and cµ, dµ ∈ R9.
Let g ∈ G be as above. Its ation on the basis {eM} is given by
g · ei = σ · ei − σ−1 · ci e+
g · e9 = e9 + cµeµ − 12 |c|2e+
g · e♮ = e♮ − c♮e+
g · e0 = e0 − cµeµ + 12 |c|2e+
∴ g · e+ = e+
∴ g · e− = e− − 2cµeµ + |c|2e+ . (15)
Notie that for nonzero cµ exatly one null diretion is left invariant,
so that the transformation is a null rotation. From these formulae
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Degree Invariant forms
0 1
1 e∗+
2 e∗+ ∧ e∗♮
5 e∗+ ∧ Ω
6 e∗+ ∧ e∗♮ ∧ Ω
9 e∗+ ∧ vol8 = e∗+ ∧ e∗1 ∧ · · · ∧ e∗8
10 e∗+ ∧ e∗♮ ∧ vol8
11 vol10,1 = e
∗
0 ∧ e∗1 ∧ · · · ∧ e∗♮
Table 2. G-invariant forms. Here e∗M are anonial dual
bases to eM , Ω is the Cayley form, and vol8 and vol10,1
are the eight- and eleven-dimensional volume forms, re-
spetively.
above one an determine the spae of G-invariant forms. The results
are summarised in Table 2.
Deomposing the spinor representation ∆ under Spin7, there are pre-
isely two linearly independent Spin7-invariant spinors. The null rota-
tions in R
9
preserve only one of them. Therefore G leaves invariant
exatly one spinor (up to sale)the spinor ε in (13), where ψ− is
the Spin7-invariant spinor in that representation. This means that any
onguration of m M-branes whose tangent planes are G-related will
be supersymmetri, provided that ε belongs to ∆(π) in the rst plae.
We onlude this setion with a useful fat about null rotations.
Lemma 1. If a spinor in ∆ is annihilated by a (nontrivial) null rota-
tion, then it is annihilated by all null rotations.
Proof. Let ε = (ψ χ)t be a spinor in ∆, and let N = cµΣ+µ be an
innitesimal null rotation. In terms of the above realisation, we have
N =
(−ci Γ′iΠ+ c♮Π−
−c♮Π+ ci Γ′iΠ−
)
,
where Π± =
1
2
(1 ± Γ′9) are the hiral projetors for Cℓ8. Therefore
N · ε = 0 if and only if
c♮χ− = ciΓ
′
iψ+ and c♮ψ+ = ciΓ
′
iχ− . (16)
Iterating these equations, we see that
|c|2ψ+ = 0 and |c|2χ− = 0 .
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Therefore either cµ = 0 or ψ+ = χ− = 0, in whih ase (16) is satised
for all cµ. In other words, the kernel of any nontrivial innitesimal null
rotation cµΣ+µ oinides with the kernel of Γ+.
4.5. More on vetors and spinors. In this setion we ollet one
nal result we shall need in order to treat the multiple intersetion
problem. We state the result in a little bit more generality than is
needed.
Proposition 1. Let ε ∈ ∆(±π) for a xed plane π. Then the vetor
v assoiated to ε lies in π.
Proof. Let π be a nondegenerate plane and π⊥ its orthoomplement.
Any vetor v splits uniquely as v⊤+ v⊥, where v⊤ ∈ π and v⊥ ∈ π⊥. It
is easy to show that v⊤ · π = −π · v⊤ and that v⊥ · π = π · v⊥. Let us
introdue projetors P± =
1
2
(1±π). Let ε belong to ∆(±π), and let us
ompute the omponents ε¯ · v · ε of the vetor v. From the properties
of the harge onjugation C in Cℓ1,10,
vt · C = −C · v ,
we dedue that
π · C = −C · π =⇒ P± · C = C · P∓ .
Therefore, sine P± · ε = ε,
ε¯ · v · ε = P± · ε · v · ε
= ε¯ · P∓ · (v⊤ + v⊥) · ε
= ε¯ · (v⊤ · P± + v⊥ · P∓) · ε
= ε¯ · v⊤ · ε ,
so that v = v⊤.
5. Multiple intersetions
In this setion we disuss multiple intersetions. The idea of the
onstrution of supersymmetri intersetions of branes is very simple.
Suppose that two oinident branes have tangent plane π. This ong-
uration preserves one half of the supersymmetry, orresponding to the
asymptoti values ε whih belong to ∆(π)i.e., whih satisfy equation
(2). Now let L denote any Lorentz transformation in SO010,1, and let L̂
denote a lift to Spin10,1. If the lift an be hosen to lie in the isotropy
subgroup of the spinor, so that
L̂ · ε = ε ,
then the Lorentz-transformed brane Lπ also satises
Lπ · ε = ε .
This means that the brane onguration with tangent planes π and Lπ
is supersymmetri. We must therefore onsider subgroups G of Spin10,1
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whih leave invariant a number of spinors in ∆(π). Then these spinors
will also belong to ∆(gπ) for all g ∈ G. The problem is therefore to
lassify all suh subgroups G and ompute the fration of the super-
symmetry whih is preserved by a generi onguration onsisting of
G-related branes.
5.1. G-relatedness. To make this preise, let us adapt the deni-
tion of G-relatedness given in Part I to our more general situation.
Let G((5, 1),M10,1) denote the grassmannian of oriented time-oriented
(5, 1)-planes in M10,1. It is ated on transitively by SO010,1 with isotropy
SO05,1× SO5. A given subgroup G ⊂ Spin10,1 ats on G((5, 1),M10,1) by
restriting the ation of SO010,1 to the subgroup to whih G gets mapped
under the anonial overing map Spin10,1 → SO010,1. We an therefore
onsider the deomposition of the grassmannian into G-orbits.
Denition 1. Let G ⊂ Spin10,1 and let {πi} be m oriented time-
oriented (5, 1)-planes in M10,1. We say that they are G-related, if they
all lie in the same G-orbit and furthermore G is the smallest suh sub-
group of Spin10,1.
In Part I we analysed in detail the ase G ⊂ Spin10. In [2℄ we proved
that a onguration of m stati interseting branes is supersymmetri
if and only if the tangent planes are G-related, where G ⊂ SU5 or
G ⊂ Spin7 or both, whene G ⊂ SU4. This Spin7 subgroup is in fat
the intersetion with Spin10 of the exoti isotropy subgroup (Spin7 ⋉
R
9) ⊂ Spin10,1. Indeed, as we will see presently, a onguration of m
interseting branes in motion is supersymmetri if and only if their
tangent planes are G-related, where G = K⋉N and where K ⊂ Spin7
andN ⊂ R9. In fat, we will see that every supersymmetri intersetion
of M5-branes in motion will orrespond to a onguration of Cayley
planes in an eight-dimensional eulidean subspae of M
10,1
, whih have
been null-rotated in the remaining three dimensions.
In Part I we also proved a lower bound for the fration ν of the
supersymmetry preserved by a onguration of G-related branes in
terms of the ation of the groupG ⊂ Spin10 in the spinor representation
∆. We also onjetured that this lower bound was in fat saturated.
In the present ase, where G ⊂ G, the situation is more ompliated.
Clearly the fration ν of the supersymmetry whih is preserved by a
onguration of G-related planes will be larger than or equal to the
fration νG dened by
32νG = dim
(
∆(π) ∩∆G) ,
where ∆G is the spae of G-invariant spinors. For G ⊂ Spin10, we
proved in Part I that dim
(
∆(π) ∩∆G) = 1
2
dim∆G; but for G ontain-
ing null rotations, this is not always the ase. Let us analyse this now,
and in so doing redue the problem to one onerning 4-planes in eight
dimensions.
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5.2. An equivalent eight-dimensional problem. It is not hard to
show that the supersymmetri ongurations of interseting branes in
motion onsist of null rotated Cayley planes. In fat, suppose that we
onsider G-related planes where G = K ⋉N ⊂ Spin7⋉R9, where N is
not the trivial group. Let π be one of the planes, and let v denote an N-
invariant null vetor. By the Proposition, v belongs to π. Beause π is
nondegenerate, π also ontains a omplementary null vetor v′, whene
we an write π = v ∧ v′ ∧ ζ where ζ is a 4-plane in span{v, v′}⊥ ∼= E9.
Now, Spin7 leaves a diretion u in this E
9
xed. Therefore K ⊂ Spin7
moves ζ only in an eight-dimensional subspae span{v, v′, u}⊥ ∼= E8.
We an see this a little bit more expliitly. We want to study ∆G ∩
∆(π) and ompute its dimension in terms of G, in the ase where G =
K⋉N ⊂ Spin7⋉R9. We take π = e+∧e−∧ζ , with ζ = e1∧e3∧e5∧e7.
By the Proposition, the null vetor assoiated to this null rotation
belongs to π. Using the Lorentz invariane on π, we an assume that it
is e+. Sine G ontains a nontrivial null rotation, we an rst onsider
the subspae ∆′ ⊂ ∆ dened by
∆′ = {ε ∈ ∆ | Γ+ · ε = 0} .
By (the proof of) the Lemma, ∆′ = ∆N . It is a 16-dimensional
real subspae of ∆. K preserves ∆′ beause it is ontained in Spin8,
whih ommutes with Γ+. Under Spin8, ∆
′
breaks up as two irreduible
representations: one of eah hirality. In fat, from the proof of the
Lemma, it follows that in the hosen realisation, a spinor ε belongs to
∆′ if and only if it has the form
ε =
(
ψ−
χ+
)
.
From the expliit expression for π, ε ∈ ∆(π) if and only if
ζ · ψ− = ψ− and ζ · χ+ = χ+ .
In other words, if we make a spinor ϕ = (ψ− χ+)
t
of Cℓ8, then ε ∈ ∆(π)
if and only if ϕ ∈ ∆′(ζ) in the obvious notation. In other words, the
subspaes ∆G ∩∆(π) and (∆′)K ∩∆′(ζ) of ∆ agree.
It is therefore possible to work with ∆′ abstratly as the irreduible
representation of Cℓ8 and to onsider 4-planes ζ in E
8
. As shown in [8℄
(see also [7, 4, 2℄), a 4-plane ζ in E8 whih satises
ζ · ϕ = ϕ ,
is a Cayley plane; that is, it is alibrated by the Cayley form built out
of ϕ by squaring. In other words, the G-related planes are K-related
Cayley planes whih are then null-rotated by N .
The most generi situation results from K = Spin7 and N = R
9
.
Then we simply have null-rotated Cayley planes. This is a 17-dimen-
sional orbit inside the 30-dimensional grassmannian of (5, 1)-planes.
Suh ongurations will generially preserve
1
32
of the supersymmetry,
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beause there is at most one spinor in ∆′ whih is left invariant by
a Spin7 subgroup. Congurations with a larger fration are possible
provided that we restrit to planes whih live in progressively smaller
subspaes of the grassmannian. If ∪mi=1ζi are K-related, then the re-
sulting brane onguration preserves a fration ν of the supersymmetry
whih obeys ν ≥ νK , where νK is given by
νK =
1
32
dim
(
∆′(ζ) ∩ (∆′)K) .
In Part I we showed that the group-theoretial fration was diretly
related to the dimension of group invariant spinors. In the ase of non-
stati branes treated here, the dependene of νK on K is more subtle,
as we now explain.
5.3. The group-theoretial fration νK . We would like to ompute
the dimension of the subspae ∆(π) ∩ ∆G ⊂ ∆, where G = K ⋉ N .
In the previous setion we saw how this omputation an be rephrased
in terms of K-related Cayley planes in eight dimensions. This was
ahieved by rst taking are of the null rotations and thus reduing the
problem to one in lower dimension. Here we will invert the order and
rst take are of the K-invariane. Therefore let ∆K ⊂ ∆ denote the
spae ofK-invariant spinors in∆. K ⊂ Spin8 and, as we saw in (12), ∆
breaks up under Spin10,1 ⊃ Spin8 as two opies of eah of the half-spin
representations. Therefore ∆K is even-dimensional. As shown in (the
proof of) the Lemma, N-invariant spinors are those spinors whih are
annihilated by Γ+. Beause Γ+ is K-invariant, Γ+ maps ∆
K
to itself.
By the same token, so does Γ−. Beause
Γ+Γ− + Γ−Γ+ = −41 ,
reasons similar to those from whih we dedued (10) also yield the
following deomposition of ∆K :
∆K = ∆K+ ⊕∆K− ,
where ∆K± = ∆
K ∩ ker Γ± = Γ±∆K . Similarly, it follows that ∆K±
are isomorphi subspaes, the isomorphisms being given by Γ±. In
partiular, dim∆K± =
1
2
dim∆K . Beause ∆G = ∆K+ , we see that
dim∆G = 1
2
dim∆K .
Now we interset ∆G with ∆(π). Let
(
∆K
)±
= ∆K ∩∆(±π). Simi-
larly we an dene
(
∆K±
)±
in the obvious way, where the signs are not
orrelated. This gives rise to a fourfold deomposition of ∆K :
∆K =
(
∆K+
)+ ⊕ (∆K+ )− ⊕ (∆K− )+ ⊕ (∆K− )− .
By the Proposition, e± belong to π, whene Γ± · π = −π · Γ±. This
means that Γ± restrit to isomorphisms
Γ± :
(
∆K∓
)+ → (∆K± )− and Γ± : (∆K∓)− → (∆K±)+ .
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Letting d±± = dim
(
∆K±
)±
, we have that d++ = d
−
− and that d
−
+ = d
+
−,
whene
dim∆K = 2 d++ + 2 d
−
+ .
In other words, sine
(
∆(π) ∩∆G) = (∆K+)+, its dimension is given by
d++ =
1
2
dim∆K − d−+ ≤ 12 dim∆K .
It will be onvenient in what follows to introdue a rational number
̺K dened impliitly by
d++ = ̺K dim∆
K .
In ontrast with the ase of stati branes, where G ⊂ Spin10, we an-
not ompute d++ in a uniform manner, for it seems to depend on other
properties of the group besides its invariants on the spinor representa-
tion; that is, the ratio ̺K depends nontrivially on K. For example, we
saw already that for m=2 branes, d++ = d
+
−, whene ̺K =
1
4
. On the
other hand, in some expliit examples we have omputed (and whih
will be disussed briey below) we also nd ases in whih d−+ = 0
so that ̺K =
1
2
, and even some ases for whih ̺K takes less obvious
values
1
8
,
1
6
,
1
5
,
3
10
,
1
3
, and
3
8
. This seems to indiate the need for a
ase-by-ase analysis. We now disuss some expliit examples.
5.4. Some examples and their geometries. In this setion we list
some examples of G-related branes in motion whih we have worked
out expliitly. These examples are summarised in Table 3. Many of the
neessary alulations have been performed innitesimally (i.e., using
their Lie algebras) using Mathematia.
2
To simplify the table we have used the equivalent eight-dimensional
desription of the branes in motion as Cayley planes whih have been
null-rotated. Therefore for branes in motion whih areG-related, where
G = K⋉N , we have listed the group K together with its odimension,
fration and the ratio ̺K dened in equation (5.3). We have also listed
the isotropy subgroup H ⊂ K of the referene 4-plane ζ , and the geom-
etry of the resulting grassmannian K/H . This is a sub-grassmannian
of the Cayley grassmannian, whene it does not take into aount the
null rotations. The true grassmannian of G-related planes is now a
homogeneous bundle over K/H with bre R5, where the R5 fator or-
responds to those null rotations dened by vetors in the orthogonal
plane π⊥. Notie that the dependene of νK on the subgroup K is
subtle, sine we nd dierent values of ̺K for dierent yet isomorphi
subgroups K.
Notie also that all the geometries whih appear have already been
disussed in Part I and hene will not be disussed further here, exept
for two brief remarks. First, we would like to bring to the attention
2
Details of the alulations an be obtained by email from the authors. They
will be made publi via our web pages at a later date.
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Codim. Group Fration Ratio Isotropy Geometry
d K νK ̺K H K/H
Spin7
1
32
1
2
(SU2)
3/Z2 Cayley
SU4
1
32
1
4
SO4 SLAG4
Sp2
1
32
1
6
U2 CLAG2
Sp1 × Sp1 132 18 Sp1 (3, 1) in [5℄
SU4
1
16
1
2
S(U2 × U2) C2
4 Sp2
1
16
1
3
U2 CLAG2
Sp1 × Sp1 116 14 U1 × U1 C1 × C1
Sp1
1
16
1
5
U1 (3, 2) in [5℄
Sp2
3
32
1
2
Sp1 × Sp1 H1
Sp1 × Sp1 332 38 Sp1 (3, 1) in [5℄
Sp1
3
32
3
10
U1 (3, 2) in [5℄
U1
3
32
1
4
{1} (3, 3) in [5℄
3 G2
1
16
1
2
SO4 Assoiative
SU3
1
16
1
4
SO3 SLAG3
2 SU3
1
8
1
2
S(U2 × U1) C1
SU2
1
8
1
4
SO2 C1 or SLAG2
Table 3. Some of the geometries assoiated with super-
symmetri ongurations of multiply interseting branes
in motion. The table has been ompiled in terms of the
equivalent eight-dimensional problem disussed in Se-
tion 5.2.
of the reader the fat that in this table, and in ontrast with the sim-
ilar table in Part I, isomorphi subgroups K giving rise to isomorphi
geometries now yield ongurations with dierent frations. This does
not mean that the dimension of the subspae of K-invariant spinors
is dierent, for this only depends on the isomorphism lass of K. In-
stead, as mentioned above, it is the intersetion of this subspae with
∆(π) whih depends subtly on K. Finally, let us remark that most of
the entries in the table distinguished by having ̺K 6= 12 , orrespond to
dierent subgroups than the ones giving rise to the same geometries in
the similar table in Part I.
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6. Summary and Outlook
In this paper we have obtained new supersymmetri ongurations
of interseting branes, onsisting of branes whih are in relative motion
to eah other. This work ompletes the lassiation of supersymmet-
ri ongurations of two interseting M5-branes, started by Ohta &
Townsend in [9℄. As shown in Part I for the stati ongurations and
in the present paper for the rest, eah onguration is haraterised
by (the maximal torus of) a subgroup G of Spin10,1 ontained in the
isotropy of a spinor. The fration of the supersymmetry whih is pre-
served is given by
1
32
times the dimension of the subspae of ∆ onsist-
ing of those spinors invariant under T(G), or when G = K ⋉N , under
T(K)× R. These results are summarised in Table 4.
Fration Rotation subgroups for
ν stati branes branes in motion
1
32
SU5 Spin7 ⊜ SU4
1
16
SU2 × SU3 Spin7 ⊜ SU4 Sp2 ⊜ (Sp1)2 G2 ⊜ SU3
3
32
U1 × SU2 Sp1 ⊜ U1
1
8
U1 Sp2 ⊜ (Sp1)
2 G2 ⊜ SU3 Z2 SU2
5
32
Z6
3
16
Sp1 ⊜ U1
1
4
Z2 SU2 {1}
1
2
{1}
Table 4. All possible supersymmetri ongurations
of two M5-branes, and the orresponding subgroups of
Spin10,1. In the ase of branes in motion, only the ro-
tation subgroup has been indiatedthe null rotations
remaining impliit. The relation ⊜ denotes subgroups
having the same maximal torus. Some nite groups dis-
ussed briey in Part I have been inluded for omplete-
ness.
One an onstrut eah of these ongurations starting with two
oinident vebranes and rotate by an element of the maximal torus of
a subgroup G of Spin10. If G is atually ontained in Spin8 then one
an also perform a null-rotation in the (2 + 1)-dimensional subspae
left invariant by Spin8. This gives rise to ongurations in whih the
branes are moving relative to eah other.
The lassiation of multiple interseting brane ongurations is
more ompliated and a omplete solution is still laking. In [2, 1℄
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as well as in the present paper, we have shown that a onguration
preserves some supersymmetry provided that the branes are G-related
where G is ontained in the isotropy of a spinor whih obeys equa-
tion (2) relative to one of the branes. The possible groups G fall into
two lasses, depending on whether G is ontained or not in Spin10.
If G ⊂ Spin10 then G-related branes are stati relative to eah other
sine they all share the same time-like diretion. If G is not on-
tained in Spin10 we have shown that G ontains null rotations, so
that G = K ⋉ N , where K ⊂ Spin8 and N ontains null rotations.
Congurations of G-related vebranes an be understood as K-related
eulidean fourbranes in eight dimensions whih have then been null ro-
tated. These ongurations share the same null diretion. In Part I we
restrited ourselves (following [9℄) to stati brane ongurations and
derived a (onjeturally exat) lower bound νG for the fration ν of the
supersymmetry preserved by a ongurationof G-related branes with
G ⊂ Spin10, in terms of the dimension of the spae of G-invariant
spinors. For G = K ⋉ N ontaining null rotations, we have exhibited
a lower bound νK for ν, but as shown by expliit examples, the preise
relationship between νK and K is more subtle and a simple uniform ex-
pression for all K would be desirable. The intriate dependene of the
fration on the subgroup K does not disard the possibility of nding
frations ν in this way whih have not been enountered before. For
the ase of branes in motion, where ν ≤ 1
4
, the only frations whih
have not appeared so far are
5
32
,
3
16
and
7
32
; although all but the latter
have oured for stati branes.
In this series of papers we have so far foused mostly on M5-branes;
yet similar results are also valid for other types of branes both in
M-theory as in ten-dimensional superstring theories. In fat, most if
not all supersymmetri brane ongurations in superstring theory an
be related by dualities to supersymmetri brane ongurations in M-
theory, and hene the lassiation of M-theory brane ongurations
would in priniple also lassify those. At the same time, it is not enough
to lassify ongurations featuring only one type of M-brane: in order
to take into aount all BPS states it is neessary also to onsider on-
gurations onsisting of branes of dierent types, as in the following
example.
Let ε be a spinor of the form
ε =
(
ψ−
χ+
)
.
From the expliit expression for the Γ matries given in (11), we an
see that
(e0 ∧ e9) · ε = ε , (17)
whih is the algebrai statement orresponding to the fat that the
M-wave solution preserves
1
2
of the supersymmetry [11℄. Similarly, we
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have that for spinors of the form
ε =
(
ψ−
χ−
)
the following holds:
(e0 ∧ e9 ∧ e♮) · ε = ε , (18)
whih now says that an M2-brane strethed along the 09♮ diretions
is supersymmetri. Now let G = K ⋉ N ⊂ G and perform a G-
transformation to eah of the above supersymmetri brane solutions:
wave (17) and membrane (18). Sine G stabilises a spinor ε of the
form (13), the new ongurations onsisting of the original and the
transformed branes is supersymmetri but eah preserving
1
4
of the su-
persymmetry. Notie then that for spinors of the form (13) we an
have ongurations ontaining both M-waves and M2-branes in motion
whih preserve
1
4
of the supersymmetry. Similarly it is not diult
to onstrut other ongurations involving also M5-branes. We hope
to return to a detailed disussion of the general problem in a future
publiation.
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